A domain wall structure consists of a planar graph with faces labeled by fusion categories/topological phases. Edges are labeled by bimodules/domain walls. When the vertices are labeled by point defects we get a compound defect. We present an algorithm for computing the compound defect. We apply this algorithm to show that the bimodule associator, related to the O3 obstruction of [Etingof et al., Quantum Topol. 1, 209 (2010)], is trivial for all domain walls of Vec(Z/pZ).
We provide the complete set of bimodule associator defects in Appendix B. In the auxiliary material [39] , we provide a Mathematica notebook that computes the composition of binary interface defects.
I. PRELIMINARIES
For definitions of fusion categories and bimodules we refer to Ref. [35] .
Definition 1 (category representation). Let A be a category. A representation of A is a functor V : A → Vec. This functor is comprised of a vector space V a for each object a ∈ A and a linear map V f : V a → V b for each morphism f : a → b. The linear maps must satisfy the equations V f •g = V f V g and V id = id. (1)
Associated to this, we define an annular category (also known as a sphere category in Ref. [40] ) whose objects are tuples of simple objects from the bimodules and morphisms are string diagrams which can be drawn in the annulus modulo isotopy and local relations
(
In Ref. [40] , representations of the annular category are called sphere modules. Physically, these representations parameterize point defects at the domain wall junction, so we shall refer to them as point defects or simply defects when there is no ambiguity.
Definition 3 (domain wall structure). A domain wall structure consists of a graph embedded into a disc where the edges don't have critical points. We label the faces of the graph with fusion categories, and the edges of the graph subject to consistent labeling of the edges with bimodule objects 
The annular category action on a vector in a compound defect is
There is also a bubble action for each internal cavity = .
We must quotient away the bubble actions for every internal cavity because bubbles internal to a cavity should evaluate to the dimension of their labeling object. For Vec(Z/pZ) every simple object has dimension 1. This bubble action is not new. It appears in the definition of the Levin-Wen Hamiltonian from Ref. [32] .
Algorithm 5 (domain wall structure algorithm). The main steps in the domain wall structure algorithm are as follows:
1. Construct a compound defect by filling the holes in the domain wall structure with vectors from the corresponding annular category representations, subject to the labels on the internal edges agreeing.
Quotient out the bubble action for each internal cavity
3. Compute all relevant idempotent actions on the quotient representation. This lets us decompose the quotient representation into simple annular category representations.
A. Relationship to Extension Theory
The computations described in this paper are closely related to extension theory as described in Ref. [1] . Definition 6. We define the Brauer-Picard 3-category BPR as follows: Objects are fusion categories, 1-morphisms are bimodules, 2-morphisms are bimodule functors and 3-morphisms are natural transformations.
Let M be a finite monoid and M the tensor category Vec(M ) of M -graded vector spaces considered as a 3-category with a single object * and only identity 3-morphisms. Then extension data is exactly a 3-functor M → BPR. Such a 3-functor contains the following data:
• A fusion category * → C.
• Annular category representations
In order for the 3-functor to be defined at this level, the following diagrams must map to the identity defect
This is closely related to the vanishing of the O 3 obstruction from Ref. [1] . There are further obstructions called O 4 in Ref. [1] , which appear when scrutinizing the 3-morphisms. It is not clear if these obstructions can be easily expressed in our framework. A good introduction to extension theory is Ref. [41] by Edie-Michell.
II. THE DOMAIN WALL STRUCTURE ALGORITHM
The goal of this section is to explain how to compute the compound defect. We shall demonstrate how the computation works using Vec(Z/pZ) as our central example, but everything we describe works in much more generality.
All the annular categories Ann of interest in this paper are semi-simple, so we can describe their representations as functors Ann → Vec or as indecomposable idempotent endomorphisms in Ann. In Ref. [36] , we exclusively used the idempotent description. In this paper, we shall use both ways of presenting a representation of Ann.
Given an indecomposable idempotent i : a → a in Ann, the corresponding functor V : Ann → Vec is defined by V x = Ann(a, x) • i. This vector space is the image of the projection
The vector space V x is nontrivial exactly when there is a nontrivial morphism a → x of the form f • i.
All of the functors corresponding to binary interface defects described in Ref. [36] have been tabulated in Appendix A. The vector space in which the tabulated vectors live can be read off from the string labels. We refer to Ref. [35] for the bimodule definitions for Vec(Z/pZ). Definitions of idempotents corresponding to all 2-string annular categories can be found in Ref. [36] .
We shall now demonstrate how an entry of the representation tables (Appendix A) are computed.
Example 7 (Constructing irreducible representations). Consider the defect Fr R x which was defined in Ref. [36] by the idempotent
This idempotent serves two purposes. Firstly, it labels an irreducible representation of Ann R,Fr . Secondly, the idempotent projects onto the representation it labels. If f : (0; * ) → (m; * ), then f → f • R Fr x is an endomorphism of Ann R,Fr ((0; * ), (m; * )). We choose the following basis for the image of this endomorphism 
Acting by a general morphism g h
on the basis vectors gives
as tabulated in Appendix A.
A. Vertical defect fusion
The simplest case of the domain wall structure algorithm is vertical defect fusion, corresponding to the domain wall structure .
In Ref. [36] , we computed these vertical defect fusions for all compatible pairs of defects in the Vec(Z/pZ) model. These vertical fusions can also be computed using the domain wall structure algorithm. Given a pair of point defects α 1 , α 2 (equivalently representations of 2-string annular categories), the compound defect is formed by filling the holes in Eqn. 18 with these defects
This forms a (possibly reducible) annular category representation. A vector in this representation looks like
If α is a binary interface defect and i α : (m α , n α ) → (m α , n α ) is the corresponding idempotent from [36] , then we have
In representation theory, this is called an isotypic decomposition. The general theory of isotypic decompositions is explained in chapter 4 of Ref. [42] . We use Eqn. 21 to decompose V into irreducible representations. 
In Ref. [36] , we define the idempotent
Recall that this idempotent projects onto the irreducible representation labeled by (α, ζ). Applying this idempotent to the basis vector 0
which is zero unless ζ = x + z − rα. Therefore we have
B. Horizontal defect fusion
If we only use annular categories with two bimodule strings, the domain wall structure algorithm only computes vertical composition of defects. To compute more interesting compound defects, we need to include annular categories with three or more bimodule strings. In Ref. [35] , we computed the Brauer-Picard ring for the fusion category Vec(Z/pZ). More precisely, for all pairs of Vec(Z/pZ) bimodules M, N , we computed an explicit isomorphism M ⊗ Z/pZ N ∼ = ⊕ i P i . These explicit isomorphisms are recorded in the inflation tables in Ref. [36] . If we take the identity (under vertical fusion) defect on M and inflate the top or bottom part, we get an idempotent in a three string annular category. The corresponding representations play the role of bimodule trivalent vertices. These representations have been tabulated in Appendix A. Now we demonstrate how to compute an entry of this table. 
If we inflate the top half of this idempotent along the isomorphism X x ∼ = F q ⊗ Z/pZ F r where x = q −1 r, then we get the idempotent
Composing morphisms (0; * , * ) → (m; * , * ) on the outside gives us a linear endomorphism of Ann Fq,Fr,Xx ((0; * , * ), (m; * , * )).
We choose the following basis for the image of this endomorphism:
This forms the basis for our representation. Applying 
and making the substitutions
as recorded in Table III . Now that we have a collection of 2 and 3 bimodule string annular category representations at our disposal, we can discuss some more complicated domain wall structures and compute the corresponding compound defects. Of particular interest is the domain wall structure .
This domain wall structure corresponds to horizontal defect fusion. In the Vec(Z/pZ) case, we computed all possible horizontal defect fusions in Ref. [36] . In the following example, we demonstrate how to compute horizontal defect fusion using the domain wall structure algorithm. This example is the first time we encounter the internal cavity bubble action, which we need to trivialize to get the correct answer.
Example 10. Consider the horizontal fusion R Fq x ⊗ L L (c,z) . Using the trivalent vertices corresponding to the isomorphisms R ⊗ Z/pZ L ∼ = p · T and F q ⊗ Z/pZ L ∼ = T , we can construct a (reducible) representation of the category Ann T,T . It has the basis (m, n)
This representation is too large. It has a Z/pZ action by introducing a bubble into the middle cavity. In order to get a physically relevant representation, we need to quotient away this action to construct the representation of interest. Acting by a g bubble multiplies the above vector by ω g(x+z−ν−q(t+m)) (m, n)
Therefore, unless t = q −1 (x + z − ν) + m, the vector projects onto zero in the quotient. After taking the quotient, the idempotent T T (α,β) acts as zero unless α = q −1 (x + z − ν) and β = c. This is exactly the horizontal fusion outcome
,c) which was computed in Ref. [36] .
Example 11. Consider the horizontal fusion X l X k ⊗ R F0 z . As in Example 10, we construct a representation of the category Ann F0,T . It has the basis * 
If we want to act by the idempotent R F0 ζ , we must have t = 0. The result of applying the projection is nonzero if and 
Acting by an s bubble sends this vector to
which forms a basis for the quotient. To apply X r −1 t L , we must have m = n = 0. Since α ∈ Z/pZ (the representation corresponding to Fr F0 ) is p-dimensional, we have Fr F0 ⊗ Ft
III. BIMODULE ASSOCIATORS
Now that we have seen that we must quotient away the bubble actions corresponding to internal cavities, we have seen everything needed to compute the compound defects corresponding to arbitrarily complex domain wall structures. Another interesting example is the following compound defect which computes the bimodule associator in the 3-category BPR from Definition 6
We shall call this domain wall structure the bimodule associator for the triple M, N, P . If this defect projects onto nontrivial point defects, it indicates an obstruction to defining an extension (as described in Def. 6). For M, N, P invertible, this is closely related to the O 3 obstruction of Ref. [1] being nontrivial. From a physics viewpoint, this obstruction means we cannot gauge the defects [26, 37, 38] . We now provide an example calculation of a bimodule associator. The full set of associators (all trivial) can be found in Table IV . 
We need to quotient out the bubble actions from both of the cavities. Acting by an lg bubble in the top cavity sends the vector to (m, n) * n ln 0 (t, ln)
Acting by a h bubble in the bottom cavity multiplies this vector by ω hq(m−t) . So the vector is projected to zero in the quotient unless m = t. Therefore we have the following basis for the quotient 
To apply T T (α,β) , we must have m = n = α = β = 0. Therefore the compound defect is T T (0,0) .
Example 14.
We can also compute bimodule associators using the physical interpretations of the bimodules from Ref. [35] . The parameters µ and ν in our 3-string annular category representations physically correspond to the presence of a non condensable anyon at the corner. Recall that the rough boundary condenses the e anyons and the smooth boundary condenses the m anyons.
since the internal disc must contain 0 anyons that cannot be fused into the boundary. Therefore this associator is δ νy
IV. REMARKS
In this work, we have described a framework for computing the compound defect associated to a domain wall structure. The algorithm described is agnostic to the invertibility of the bimodules and point defects forming the structure. Using this algorithm, we have shown how the fusion (both vertical and horizontal) of defects are expressed as domain wall structures, and how the results of Ref. [35] can be replicated in this new, computer-friendly manner. Additionally, we have applied our algorithm to show that the domain wall associators for all bimodules over Vec(Z/pZ) are trivial.
Although we have specialized to Vec(Z/pZ) for this work, the ideas described here are not restricted to this class of fusion categories. Due to the large number of fault tolerant gates that can be implemented, the category Vec(Z/2Z) × Vec(Z/2Z), called the color code in quantum computing, is of particular interest [11, 43] . The large number of bimodules of this model (270) make a computer-implementable method, such as that outlined here, necessary to study the defects. We also expect these techniques to be useful for Vec(G) when G is not abelian, and other nonabelian fusion categories.
We have shown how the domain wall associators can be computed in this framework. These associators are closely related to the O 3 obstruction of Ref. [1] . When this obstruction vanishes (as is the case for Vec(Z/pZ)), a further obstruction, called O 4 in Ref. [1] , can arise. This obstruction is related to natural isomorphisms of defects. It would be extremely useful if the techniques developed in this work can be extended to include this data. This appendix records the irreducible representations for each annular category. In the following tables, we record the following data for each irreducible representation:
• A chosen basis for the representation.
• The action of a generating set of annular morphisms.
For the bivalent vertices, we have tabulated the action by 
µ0,ν0 (0,0) 
